Abstract. We prove a quantitative version of Oppenheim's conjecture for generic ternary indefinite quadratic forms. Our results are inspired by and analogous to recent results for diagonal quadratic forms due to Bourgain [Bou16].
Introduction
Let Q be an indefinite quadratic form in d ≥ 3 variables that is not a multiple of a quadratic form with rational coefficients. The Oppenheim conjecture, proved in a breakthrough paper by Margulis [Mar89] , states that {Q(n) : n ∈ Z d } is dense in R. Margulis' approach used the dynamics of unipotent flows on homogeneous spaces and was not quantitative or effective, i.e. it did not give any bounds on the size of the integer vector n needed to approximate a real number up to a given accuracy. One of the main difficulties of giving an effective proof is distinguishing between rational forms (for which the statement is false) and irrational forms that are very well approximated by rational forms. Recently, Bourgain investigated a quantitative version of the Oppenheim conjecture for generic diagonal forms. We follow his notation here. Margulis' theorem implies that there are sequences N(k) → ∞ and δ(k) → 0 (depending on Q) such that for all sufficiently large k,
Earlier, in [LM14] , Lindenstrauss and Margulis proved an effective version of Oppenheim's conjecture valid for all irrational indefinite quadratic forms in three variables, with N(k) and δ(k) −1 growing logarithmically in k. One would of course expect significantly stronger results for generic forms. In [Bou16] , Bourgain considered diagonal forms Q α,β (x, y, z) = x 2 + αy 2 − βz 2 with α, β > 0. For these forms he showed that
(1) holds for almost all α, as long as
k η δ(k) 11/2 → 0 with η < 1. Moreover, assuming the Lindelöff hypothesis for the Riemann zeta function it holds as long as
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In this note we consider the space of all indefinite ternary quadratic forms, which comes equipped with a natural probability measure, and prove a quantitative Oppenheim theorem for generic indefinite ternary quadratic forms, similar in spirit to Bourgain's result. Theorem 1. Assume that there is η < 1 such that
Then, for almost every indefinite ternary quadratic form Q, there is a constant c = c(Q) > 0 and
Remark 2. The second assumption,
→ 0, is probably not needed. We note that it is automatically satisfied as long as N(k) ≪ δ(k) −2 . However, using our method it is harder to get very good approximation of large points (i.e., when |ξ| ≫ δ −2 ) leading to the additional assumption.
Our methods involve an effective mean ergodic theorem for semisimple groups and some results from the geometry of numbers. They are very different from those in [Bou16] . In an earlier work, we studied the shrinking target problem for actions of semisimple groups on homogeneous spaces and as a consequence, obtained a related optimal effective result for generic ternary forms, see Theorem 5 in [GK] . More results along these lines are proved in [GGN16, AM16] . Several important papers have previously studied the study of the distribution of values of a quadratic form [DM93, EMM98, Sarnak] and sometimes the work "quantitative" is used in the literature in this context.
Setup
2.1. Space of forms. In order to make the notion of a generic ternary quadratic form explicit we use the following parametrization for the space of forms. Recall that the action of G = SL 3 (R) on ternary quadratic forms forms is given by
with g ∈ SL 3 (R) acting on v ∈ R 3 linearly. We say that two forms are equivalent if Q 1 = λQ γ 2 with λ ∈ R and γ ∈ Γ = SL 3 (Z). Note that equivalent forms take the same values on Z 3 after scaling by a constant. To avoid the scaling ambiguity we restrict to forms of determinant one. To parametrize the space of determinant one forms up to equivalence, fix a form Q 0 (v) given by
and note that any determinant one indefinite ternary quadratic form is given by
and only if g ′ = γg with γ ∈ Γ. We can thus parametrize the space of determinant one indefinite ternary quadratic forms up to equivalence, by the space
We recall that X 3 also parametrizes the space of unimodular lattices in R 3 , explicitly, a point x = Γg ∈ X 3 corresponds to the lattice Λ = Z 3 g and to the form Q = Q g 0 . The probability measure µ on X 3 coming from Haar measure on SL 3 (R) gives us a natural measure on the space of forms.
2.2. The SL 2 (R) action. Let H = SL 2 (R), G = SL 3 (R) and Γ = SL 3 (Z)
 
This gives an irreducible right action of H on G and hence also on X 3 = Γ\G.
We give a norm on H using the spin cover map by defining
where · 2 denotes the the Hilbert-Schmidt norm on G given by g 2 2 = tr(g t g). We denote F (t) ≍ G(t) if there is some constant c > 1 such that Proof. Consider the KA + K decomposition of H with K = SO(2) and
Moreover, a direct computation using (4) shows that for h = k θ a t k θ ′ we have h 2 = 1 + 2(1 + 2 sinh 2 (t))(1 − sin 2 (θ) cos 2 (θ)).
In particular, for large t ≫ 1 we have that h ≍ e t and hence m(H t ) ≍ t as claimed.
2.3. Mean Ergodic Theorem. We note that the representation ι : SL 2 (R) → SL 3 (R) defined in (4) is irreducible and hence the H action on X 3 satisfies an effective mean ergodic theorem (see [GGN14, GN10] ) with best possible rate. Let H t = {h ∈ H : h ≤ t} and for f ∈ L 2 (X 3 ), consider the unitary averaging operator:
We then have Theorem 3. For any 0 < κ < 1/2, for any f ∈ L 2 (X 3 ),
As a direct consequence, we can estimate the measure of point x ∈ X 3 whose orbit xH t = {xι(h) : h ≤ t} miss a small set B ⊆ X 3 . Explicitly, we have
.
Proof. Let C t,B = {x ∈ X 3 : xH t ∩ B = ∅}. Let f denote the indicator function of B, and note that if x ∈ C t,B then π t (f )(x) = 0. Applying the mean ergodic theorem with η = 2κ we get
and dividing both sides by µ(B) 2 gives the desired estimate.
2.4. Unfolding. We need the following result relating small sets in R 3 to corresponding sets on X 3 . Explicitly, thinking of X 3 as the space of unimodular lattices, for any set Ω ⊆ R 3 let B Ω ⊂ X 3 be defined as
We then have the following result Lemma 5. For any set Ω ⊆ R 3 we have
Proof. Let f denote the indicator function of Ω and let f be its Siegel transform,
By [Rogers, Lemma 1] we have the identity
We can bound the second term (crudely) by
and hence
Now by Siegel's mean value theorem
and since F (Λ) = 0 for Λ ∈ B Ω we get
From this we get the desired lower bound
2.5. Shrinking targets. Next we define the shrinking targets. For parameters δ ∈ (0, 1) and ξ ∈ R, let L = max{1, |ξ| 1/2 } and define
We note that Ω ξ,δ has volume 4δL and that |Q 0 (v) − ξ| ≤ δ for any v ∈ Ω ξ,δ . We now define our shrinking targets as
Then by Lemma 5 we have that µ(B ξ,δ, ) ≫ min{1, δL}.
Proofs
The proof of Theorem 1 follows from the following effective result, bounding the measure of the set of forms that do not well approximate a point.
Proposition 6. There is a set C k,δ,ξ ⊆ X 3 of measure at most O(max{
Proof. Let η < 1, then by Corollary 4 we have that µ({x ∈ X 3 :
). Now let x = Γg be such that xH k ∩ B ξ,δ = ∅ then there is some h ∈ H k and n ∈ Z 3 such that ngh ∈ Ω ξ,δ so that |Q 0 (ng) − ξ| ≤ δ and also ngh ≤ L with L = max{|ξ| 1/2 , 1}. We can then bound
Proof of Theorem 1. For each k ∈ N let −N(k) < ξ k,1 < . . . < ξ k,M (k) < N(k) be δ(k)/2 dense (so M(k) ≍ N(k)/δ(k). Fix a fundamental domain F ⊂ SL 3 (R) for X 3 and let C ⊆ F denote the set of all points g ∈ F such that for any T > 0 there is k > T and ξ k,i such that min |n|≤k |Q
, that is
and C k,i is the set of points such that min |n|≤k |Q
. Now splitting into dyadic intervals, note that for any L = 2 n the set
and hence, by Proposition 6 with η = 1 − ǫ/2, we have that
Since we can write C = T >0 l≥log(T )C 2 l we can bound
